Abstract. Denote by A(n) the family of compact n-dimensional Alexandrov spaces with curvature ?1, and k (M) the k theigenvalue of the Laplacian on M 2 A(n). We prove the continuity of k : A(n) ! R with respect to the Gromov-Hausdor topology for each k; n 2 N. 
Introduction
For n 2 N and D > 0, let M Ric (n; D) denote the family of isometry classes of closed n-dimensional Riemannian manifolds with Ricci curvature Ric M ?(n?1) and diameter diam(M) D, and M jsecj (n; D) the family of all M 2 M Ric (n; D) whose sectional curvatures K M satisfy jK M j 1. Fukaya 5] proved that, if we equip each M 2 M jsecj (n; D) with normalized volume measure dvol M = vol(M), then for each k 2 N the function k which assigns to each M 2 M jsecj (n; D) the % 1 (see x2 and 10]), as well as for closed Riemannian manifolds. Note that the measured Gromov-Hausdor topology is equivalent to the GromovHausdor topology on A(n) by Theorem 3.1 of 13] (see also Theorem 3.1 of this paper), so that we always equip A(n) with d GH .
Consider the family A(n; D; v) of M 2 A(n) with diam(M) D and the n-dimensional Hausdor measure H n (M) v > 0. Note that the d GH -closure of M sec (n; D; v) is a proper subset of A(n; D; v), and that A(n; D; v) is d GH -compact. As an immediate corollary to Theorem 1.1, we have an upper bound c(n; k; D; v) > 0 depending only on n; k 2 N, D; v > 0 for k on A(n; D; v) .
Assume now that a sequence M i 2 A(n) converges to an M 2 A(n). converges to ' j in L 2 -norm for each j.
Let us mention the idea of the proofs of the theorems. If the limit M has no singularities, then M i converges to M in the Lipschitz distance and then the proofs are easy. However, this is not true in general. Nevertheless, we can still construct a bi-Lipschitz map between subsets M and i M i with bi-Lipschitz constant close to 1 for large i (see Theorem 3.1), where is any compact subset of M such that M n is a small neighborhood of some`pointed' singular set (precisely the setŜ de ned in x2), and i M i is some subset. This makes a correspondence between W 1;2 ( i ) and W 1;2 ( ). It is a crucial point to prove no presence of the concentration of W 1;2 -mass on M i n i of eigenfunctions of M i in the convergence M i ! M. Note that in the case of 5], i.e., when M i 2 M jsecj (n; D) and dim M n, then the singularities of M appears only by quotient of isometric O(n)-action, and considering analysis on O(n)-invariant smooth functions keeps away from the di culty. On the other hand, our singularities are not only caused by the quotient of group action, so that we need a di erent way to prove the theorems. An essential idea is to take the molli er of eigenfunctions of M i to control the concentration of the L 2 -mass on M i n i of the eigenfunctions (see Lemma 4.6) . This also implies no presence of the energy concentration on M i n i of the eigenfunctions. Acknowledgment. The author would like to thank Kazuhiro Kuwae for useful discussion.
Preliminaries
We denote by ( ) the symbol expressing a function such that ( Call f an -almost isometry if f is a bi-Lipschitz homeomorphism with j dil(f) ? 1j; j dil(f ?1 ) ? 1j < .
In the following, we de ne some convention for Alexandrov spaces used in this paper. We refer to 2] for the basics for Alexandrov spaces.
Let M be an n-dimensional Alexandrov space with curvature ?1, i.e., a complete locally compact intrinsic metric space with curvature ?1 in the sense of Alexandrov. For > 0, the -singular set of M is de ned to be S := f x 2 M j H n ( x ) ! n ? g; where x is the space of directions at x 2 M and ! n the volume of the unit n-sphere. It is known that, for 0 < 1=n, M n S is a (incomplete) Lipschitz-Riemannian manifold whose Riemannian metric is compatible with the original distance function ( 11] ). A singular point of M is de ned to be a point where the space of directions is isometric the unit n-sphere. The set of singular points of M, say the singular set S M , coincides with S >0 S . The Hausdor dimension of S M is n?1 ( 2, 11] ). There is a natural isometric imbedding of M into dbl(M). We denote byŜ the -singular points of dbl(M) contained in M. Then, the Hausdor dimension ofŜ is n ? 2 ( 2]).
We say that a point x 2 M is -strained, > 0, if there is a sequence fp i g i= 1;:::; n , called a -strainer at x, such that for any i; j, Assume from now on that M is compact. Recalling that M n S for 0 < 1=n is a Lipschitz-Riemannian manifold, we can de ne the Here, refer to 5] for the de nition of the measured Gromov-Hausdor topology.
Proof. When @M = ;, we already proved the theorem in x3 of 13] .
Since the basic strategy of the proof here is similar to that in 13], we omit some details.
An -net of a metric space X, > 0, is de ned to be a discrete subset of X whose -neighborhood contains X.
Let r and t be small enough numbers such that 0 < t r. There exists a t-net fx j g m j=1 of MnB(Ŝ ; r) such that fx j g m j=1 \@M is a t-net of @M n B(Ŝ ; r) and that d(x j ; @M) > t for x j 6 2 @M. We imbed M into its double dbl(M 
Here, lim sup
Therefore, if we set h to be the square root of the last ( `) of the above formula, the proof is completed.
Lemma 4.7. For any xed`and for all su ciently large i 2 I(`), we have kF`; i (' i k+1 )k L 2 = 1 + ( `) ; (1) k' k+1;`kL 2 = 1 + ( `) ; (2) kF`; i (' i k+1 ) ? ' k+1;`kL 2 ( `) ; (3) j(' k+1;`; ' j ) L 2 j ( `) for any j = 0; : : : ; k. is an eigenfunction for eigenvalue k+1 .
We may assume that I(`+ 1) I(`) for every`. Thus, if i(`) 2 I(`) is taken to be large enough for each`, the diagonal argument together with Lemma 4.7(3) proves (a) by replacing with subsequences. This completes the proof.
